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Let H and G be two graphs. The concept of an H-supermagic decomposition of G arises
from the marriage between graph labelings and graph decompositions. In this paper, we
give the conditions for the existence of C2k-supermagic decomposition of the complete
n-partite graph as well as of multiple copies of it.
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1. Introduction
Suppose G is a simple graph with vertex set V (G) and edge set E(G). A covering of G is a family of subgraphs, say
B = {G1,G2, . . . ,Gt}, having the property that each edge of G is contained in at least one graph Gi, for some i. If all
Gi, 1 ≤ i ≤ t , are isomorphic to graph H , such a covering is called an H-covering of G. A family B = {G1,G2, . . . ,Gt}
of subgraphs of G is an H-decomposition of G if all subgraphs are isomorphic to graph H , E(Gi)

E(Gj) = φ for i ≠ j,
and
t
i=1 E(Gi) = E(G). In such a case, we write G = G1 ⊕ G2 ⊕ · · · ⊕ Gt and G is said to be H-decomposable. If G is an
H-decomposable graph, then we also write H | G.
Let the simple graph G admit an H-covering, say B. The graph G is said to be H-magic if there exists a bijection
f : V (G) E(G) → {1, 2, . . . , |V (G) E(G)|} such that for every B ∈ B,v∈V (B) f (v) +e∈E(B) f (e) is constant. Such
a function f is called an H-magic labeling of G. An H-magic labeling f is called an H-supermagic labeling if it has an
additional property that f (V (G)) = {1, 2, . . . , |V (G)|}. Thus, anH-supermagic graph is a graph that admits anH-supermagic
labeling. An H-covering (or decomposition) of G is said to be an H-(super)magic covering (or decomposition) of G if G has an
H-(super)magic labeling. The sum of all the vertex and edge labels on H (under a labeling f ) is denoted by

f (H). The
constant value that every copy of H takes under the labeling f is denoted by m(f ) in the magic case and by s(f ) in the
supermagic case.
When H ∼= K2, an H-(super)magic graph is also called (super)edge-magic graph.
A detailed survey of graph labelings can be found in [2]. The concept of an H-magic labeling was due to Gutiérrez and
Lladó [3] and they considered some H-(super)magic graphs, such as the star K1,n, and the complete bipartite graphs Kn,m
are K1,h-supermagic for some h. They also proved that the path Pn and the cycle Cn are Ph-supermagic for some h. Lladó
and Moragas [5] obtained the wheelWn for n odd is C3-supermagic, the windmillW (r, k) is Cr -supermagic, the subdivided
wheel Wn(r, k) is C2r+k-magic, and the theta graph Θn(p) is C2p-supermagic. Ph-supermagic labelings of some classes of
trees such as the subdivision of stars, shrubs, and banana tree graphs can be found in [6]. Ngurah et al. [7] studied the cycle-
supermagic labelings of chain graphs, fans, triangle ladders, the graph obtained by joining a starK1,n with one isolated vertex,
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grids, books, and the Pt-(super)magic labelings of cycles. Jeyanthi and Selvagopal [4] studied the H-supermagic problems of
the graph obtained by one point union of n copies of graph H and the graph linear garland LGn(H)when H is a 2-connected
graph. The H-supermagic problems of graphs remain open in general.
A graph G is n-partite if it is possible to partition V (G) into n subsets V1, V2, . . . , Vn such that every element of E(G) joins
a vertex of Vi to a vertex of Vj, i ≠ j. A complete n-partite graph G is an n-partite graph with partite sets V1, V2, . . . , Vn
having the added property that if u ∈ Vi and v ∈ Vj, i ≠ j, then uv ∈ E(G). A complete n-partite graph G with partite sets
V1, V2, . . . , Vn, where |Vi| = mi (mi ≥ 2), is denoted by Km1,...,mn . When n = 2, the graph Km,n is said to be a complete
bipartite graph with partite sets of cardinalitiesm and n.
In [8] Sottean studied the complete bipartite graph decomposition into cycles of some fixed length and showed the
following results:
Theorem 1.1 ([8]). Km,n can be decomposed into cycles of length 2k if and only if
(1) m, n ≥ k;
(2) both m and n are even;
(3) mn is multiples of 2k. 
In [1], Cavenagh and Billington listed certain necessary conditions for a 2k-cycle decomposition of Km1,...,mn to exist and
showed sufficiency for 4-, 6- and 8-cycles.
Themain goal of the paper is to study the problem on cycle-supermagic decompositions of complete multipartite graphs
and their vertex disjoint union graphs. We next summarize the contents of the forthcoming sections. In Section 2 we give
the conditions and method for the existence of H-supermagic decompositions of G and show that
(1) there exists a C2k-supermagic decomposition of Kt1,...,tn−1,tn if k ≡ tn ≡ 0 (mod 2) and ti ≡ 0 (mod k), i = 1, 2, . . . ,
n− 1;
(2) there exists a C2k-supermagic decomposition of Km,n when k is even and C2k|Km,n.
In Section 3 we deal with the C2k-supermagic decomposition of vertex disjoint union of r copies of a graph Kt1,...,tn−1,tn .
Throughout this paper, we use the following symbols. LetZ be the ring of integers andZm the residue class groupmodulo
mwith residue classes {0, 1, . . . ,m− 1}. The set {x ∈ Z | a ≤ x ≤ b} is denoted by [a, b] if a, b ∈ Z. If S is a number set and
i a number, we denote

s∈S s and {s + i | s ∈ S} by

S and S + i, respectively. If f : A → B is a mapping and C ⊆ A, we
denote {f (a) | a ∈ C} by f (C).
A (p, q)-graph is a graph with p vertices and q edges. A cycle with vertex set {a1, a2, . . . , ak} and edge set
{a1a2, a2a3, . . . , ak−1ak, aka1} is denoted by Ck or (a1, a2, . . . , ak). The complete bipartite graph Km,n with partite sets
V1 = {a1, a2, . . . , am} and V2 = {b1, b2, . . . , bn} is denoted by (a1, a2, . . . , am; b1, b2, . . . , bn).
2. The H-supermagic decomposition of Km1,...,mn
The following Lemma 2.1 is easy to prove, we simply state it.
Lemma 2.1. (1) If F |G and G|H, then F |H.
(2) If the set [1, t] can be decomposed into m subsets such that the sum of all the elements in each subset is a constant, then so
does the set [a+ 1, a+ t] for any positive integer a. 
Lemma 2.2. The set [1, 2mn] can be decomposed into n 2m-subsets such that the sum of all the elements in each 2m-subset is a
constant.
Proof. Wemake a partition of [1, 2mn] as follows:
Ai = {j+ (i− 1)m, 2mn+ 1− j− (i− 1)m | j ∈ [1,m]}, i ∈ [1, n].
We have

Ai = m(2mn+ 1) andni=1 Ai = [1, 2mn]. This completes the proof. 
This partition in the proof above is useful in the sequel construction.
For convenience of statement, we introduce the following concept. LetB be an H-decomposition of G. ThenB is said to
be an H-vertex (or edge) magic decomposition of G if there exists a bijection f : V (G)→ [1, |V (G)|] (or E(G)→ [1, |E(G)|])
such that for every B ∈ B,v∈V (B) f (v) (ore∈E(B) f (e)) is a constant. The bijection f is said to be an H-vertex (or edge)
magic labeling of G.
Theorem 2.3. (1) An H-edge magic decomposition of G (denoted byB = {H1,H2, . . . ,Hn}) exists is equivalent to there exists
a partition {A1, A2, . . . , An} of [1, |E(G)|] satisfying |Ai| = |E(H)| such that Ai is a constant for each i ∈ [1, n].
(2) If both an H-vertex magic decomposition and an H-edge magic decomposition of G exist, then there exists an H-supermagic
decomposition of G.
(3) Suppose that the graph H is a connected spanning subgraph with even size of G. If H|G, then there exists an H-supermagic
decomposition of G.
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Proof. Part (1). If there exists an H-edge magic decomposition of G, then there exists an H-edge magic labeling of G, say f .
Let Ai = f (E(Hi)), i ∈ [1, n]. Then {A1, A2, . . . , An} has the desired properties.
We now show sufficiency. Since |Ai| = |E(H)|, there exists a bijection gi : E(Hi)→ Ai for any i ∈ [1, n]. Let f (e) = gi(e)
when e ∈ E(Hi) and i ∈ [1, n]. Then f (E(Hi)) = Ai is a constant for each i ∈ [1, n], and
f (E(G)) = f

n
i=1
E(Hi)

=
n
i=1
f (E(Hi)) =
n
i=1
Ai = [1, |E(G)|].
Hence the mapping f : E(G)→ [1, |E(G)|] is an H-edge magic labeling of G.
Part (2). Let g and h be anH-vertexmagic labeling and anH-edgemagic labeling of G, respectively. Then, for eachHi ∈ B,
both

g(V (Hi)) and

h(E(Hi)) are constants. We define a mapping f : V (G) E(G)→ [1, |V (G)| + |E(G)|] by
f (v) = g(v) if v ∈ V (G) and f (e) = h(e)+ |V (G)| if e ∈ E(G).
We have
f (Hi) =

f (V (Hi))+

f (E(Hi))
=

g(V (Hi))+

h(E(Hi))+ |E(H)| · |V (G)|.
Thus

f (Hi) is a constant for each i ∈ [1, n]. Again, since
f (V (G)) = g(V (G)) = [1, |V (G)|] and
f (E(G)) =
n
i=1
f (E(Hi)) = |V (G)| +
n
i=1
h(E(Hi))
= |V (G)| + [1, |E(G)|] = [|V (G)| + 1, |V (G)| + |E(G)|],
we have the proof of part (2).
From part (2) and Lemma 2.2, we conclude the proof of part (3). 
Theorem 2.4. If positive integer k ≡ 0 (mod 2) and mi ≡ 0 (mod k) for every i ∈ [1, n], then there exist Kk,k- and C2k-
supermagic decompositions of Km1,...,mn .
Proof. For convenience sake, let s(1) = 1, s(i) = 1 + i−1j=1 mj if i ≥ 2, t(i) = ij=1 mj, V = V (Km1,...,mn), E =
E(Km1,...,mn), p = |V | and q = |E|. Let the partite sets of Km1,...,mn be Vi = Vi,1
 · · · Vi,mi/k = {vs(i), . . . , vt(i)}, i ∈ [1, n],
where Vi,j = {vs(i)+(j−1)k, . . . , vs(i)+jk−1}, j ∈ [1,mi/k]. For every i < s, with i, s ∈ [1, n], j ∈ [1,mi/k], and t ∈ [1,ms/k],
let Hs,ti,j be a subgraph of Km1,...,mn with vertex set Vi,j

Vs,t and edge set {xy | x ∈ Vi,j, y ∈ Vs,t}. It can be checked that
A = {Hs,ti,j } is a Kk,k-decomposition of Km1,...,mn . By using this fact and the fact that C2k|Kk,k, we get C2k|Km1,...,mn . Let B be a
C2k-decomposition of Km1,...,mn . For each C2k in C2k|Kk,k, it is obvious that there is V (C2k) = V (Kk,k). We construct a vertex
labeling f : V → [1, p] of Km1,...,mn by
f (v2i−1) = i, f (v2i) = p− i+ 1, i ∈ [1, p/2].
It is easy to verify that the f : V → [1, p] is a bijection. For each Kk,k inAwe have f (V (Kk,k)) = k(p+ 1) is a constant.
Hence, the mapping f is not only a Kk,k-vertex magic labeling but also a C2k-vertex magic labeling of Km1,...,mn .
By Lemmas 2.1 and 2.2, we can partition the set [p+ 1, p+ q] into q/k2 k2-subsets, say A1, . . . , Aq/k2 , such that |Ai| = k2
and

Ai is a constant for each i ∈ [1, q/k2]. Further we can partition the set [p + 1, p + q] into q/2k 2k-subsets, say
B1, . . . , Bq/2k, such that |Bi| = 2k and Bi is a constant for each i ∈ [1, q/2k]. Since |A| = q/k2 and |B| = q/2k, there exist
Kk,k- and C2k-supermagic decompositions of Km1,...,mn by Lemmas 2.1 and 2.2 and Theorem 2.3. 
Lemma 2.5. When positive integer k ≡ 0 (mod 2) and 0 ≤ s < k/2, there exists a C2k-supermagic decomposition of Kk,k+2s.
Proof. Since k(k+2s)2k = k2 + s, C2k|Kk,k+2s by Theorem 1.1. Let two partite sets of Kk,k+2s be V1 = {a1, a2, . . . , ak} and
V2 = {b1, b2, . . . , bk+2s}. Then the cycle set B = {Bi = (b1+2i, a1, b2+2i, a2, . . . , bk+2i, ak)|i ∈ Zk/2+s} is a C2k|Kk,k+2s.
We construct a vertex labeling f : V1 V2 → [1, 2(k+ s)] of Kk,k+2s by
f (a2i−1) = i, f (a2i) = 2(k+ s)− i+ 1, i ∈ [1, k/2],
f (b2i−1) = k/2+ i, f (b2i) = 3k/2+ 2s− i+ 1, i ∈ [1, k/2+ s].
It is easy to verify that f is a bijection. Again,
k
j=1
f (aj) =
k/2
j=1
[f (a2j−1)+ f (a2j)]
=
k/2
j=1
[2k+ 2s+ 1] = k(2k+ 2s+ 1)/2,
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k
j=1
f (bj+2i) =
k/2
j=1
[f (b2j+2i−1)+ f (b2j+2i)]
=
k/2
j=1
[(k/2+ i+ j)+ (3k/2+ 2s− i− j+ 1)]
= k(2k+ 2s+ 1)/2.
Thus 
f (V (Bi)) =
k
j=1
(f (aj)+ f (bj+2i)) = k(2k+ 2s+ 1)
is a constant for each Bi ∈ B. This implies that f is a C2k-vertex magic labeling of Kk,k+2s.
Takingm = k, n = k/2+ s in Lemma 2.2, we obtain a partition {A1, A2, . . . , Ak/2+s} of [1, k(k+ 2s)]. By Theorem 2.3, we
have the proof. 
Theorem 2.6. If k(≥2) and tn(≥k) are two even integers, then for any positive integers ti ≡ 0 (mod k), i ∈ [1, n − 1], there
exists a C2k-supermagic decomposition of Kt1,...,tn−1,tn .
Proof. Let the nth partite set of Kt1,...,tn−1,tn be Vn

U where U = {u1, u2, . . . , uk+2s}. The following other symbols, as
B, f and Vi, i ∈ [1, n − 1] etc., are the same as those in the proof of Theorem 2.4. Let ti = mi for i ∈ [1, n − 1], and
tn = mn+ k+ 2s, wheremn ≡ 0 (mod k) and 0 ≤ s < k/2. Then Kt1,...,tn−1,tn = (V ′, E ′) can be decomposed into some Kk,k’s
and Kk,k+2s’s. Further there exists a C2k|Kt1,...,tn−1,tn . Since there exist a C2k|Kk,k+2s and a Kk,k+2s|Kt1+···+tn−1,k+2s, there exists a
C2k|Kt1+···+tn−1,k+2s (denoted by C). Again, since Kt1,...,tn−1,tn = Km1,...,mn ⊕ Kt1+···+tn−1,k+2s,B

C is a C2k|Kt1,...,tn−1,tn , where
each C2k in C has definition as in the proof of Lemma 2.5. We construct a vertex labeling g : V ′ → [1, |V ′|] by
g(v2i−1) = f (v2i−1), g(v2i) = f (v2i)+ k+ 2s, i ∈ [1, p/2],
g(u2i−1) = f (vp−1)+ i, g(u2i) = f (vp)+ k+ 2s− i, i ∈ [1, s+ k/2].
It is easy to verify that g is a bijection.
If C2k ∈ B, then
g(V (C2k)) =

f (V (C2k))+ k(k+ 2s)
= k(p+ 1)+ k(k+ 2s) = k(p+ k+ 2s+ 1).
If C2k = (b1+2i, a1, b2+2i, a2, . . . , bk+2i, ak) ∈ C where each aj ∈ V \ Vn and each bj ∈ U , then
g(V (C2k)) =
k
j=1
[g(aj)+ g(bj+2i)]
=

k
j=1
f (aj)+ k(k+ 2s)/2

+
k
j=1
g(bj+2i)
= [k(p+ 1)/2+ k(k+ 2s)/2] + [k(f (vp−1)+ f (vp))/2+ k(k+ 2s)/2]
= k(p+ k+ 2s+ 1)/2+ [k(p+ 1)/2+ k(k+ 2s)/2]
= k(p+ k+ 2s+ 1).
Hence, for each C2k ∈ BC, g(V (C2k)) is a constant. This implies that g is a C2k-vertex magic labeling of Kt1,...,tn−1,tn .
It is easy to verify that the number of edges of Kt1,...,tn−1,tn is q+(t1+· · ·+tn−1)(k+2s). From Lemma 2.2 and Theorem2.3,
we conclude the proof. 
Theorem 2.7. If positive integer k ≡ 0 (mod 2) and C2k|Km,n, then there exists a C2k-supermagic decomposition of Km,n.
Proof. From Theorem 1.1, we can let k = pq,m = rp, n = sq. Since k is even, at least one of p and q is even. We have (1)
r and q are even or (2) s and p are even. To complete the proof, it is enough to show case (1) because the case (2) can be
proved similarly by exchangingm and n.
Let two partite sets of Km,n be V1 = V1,1 · · · V1,r = {x0, x1, . . . , xrp−1} and V2 = V2,1 · · · V2,s = {y0, y1, . . . ,
ysq−1}, where V1,i = {x(i−1)p, . . . , xip−1}, V2,j = {y(j−1)q, . . . , yjq−1}, i ∈ [1, r], j ∈ [1, s]. We construct the vertex labeling
f : V1 V2 → [1, rp+ sq] of Km,n by
f (x2ip+j) = ip+ j+ 1, f (x(2i+1)p+j) = (r − i)p+ sq− j, i ∈ [0, r/2− 1], j ∈ [0, p− 1],
f (y2i+1) = rp/2+ i+ 1, f (y2i) = rp/2+ sq− i, i ∈ [0, sq/2− 1].
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Then
f (V1) =
r/2−1
i=0

[ip+ 1, (i+ 1)p]

[(r − i− 1)p+ sq+ 1, (r − i)p+ sq]

= [1, rp/2]

[rp/2+ sq+ 1, rp+ sq],
f (V2) = [rp/2+ 1, (rp+ sq)/2]

[(rp+ sq)/2+ 1, rp/2+ sq].
Hence
f

V1

V2

= f (V1)

f (V2) = [1, rp+ sq].
This implies that f : V1 V2 → [1, rp+ sq] is a bijection.
A C2k-decomposition of Km,n, denoted byB, is given by the rs/2 following cycles (see [8])
C(λ, µ) = (· · · , (· · · , x(2µ+i)p+j, y(λ+j)q+i, . . .)0≤i≤q−1, . . .)0≤j≤p−1, 0 ≤ λ ≤ s− 1, 0 ≤ µ ≤ r/2− 1.
Then for any 0 ≤ λ ≤ s− 1, 0 ≤ µ ≤ r/2− 1, there is

f (V (C(λ, µ))) =
p−1
j=0
q−1
i=0
[f (x(2µ+i)p+j)+ f (y(λ+j)q+i)], where
p−1
j=0
q−1
i=0
f (x(2µ+i)p+j) =
p−1
j=0

q/2−1
i=0
[(µ+ i)p+ j+ 1] +
q/2−1
i=0
[rp+ sq− (µ+ i)p− j]

=
p−1
j=0

q/2−1
i=0
[rp+ sq+ 1]

= pq(rp+ sq+ 1)/2
= k(m+ n+ 1)/2, and
p−1
j=0
q−1
i=0
f (y(λ+j)q+i) =
p−1
j=0

q/2−1
i=0
[rp/2+ sq− q(λ+ j)− i] +
q/2−1
i=0
[rp/2+ q(λ+ j)+ i+ 1]

=
p−1
j=0

q/2−1
i=0
[rp+ sq+ 1]

= pq(rp+ sq+ 1)/2
= k(m+ n+ 1)/2.
Hence for each B ∈ B, f (V (B)) = k(m + n + 1) is a constant. Summarizing the above results, we obtain that f is a
C2k-vertex magic labeling of Km,n.
By Lemma 2.2, we can partition the set [m+ n+ 1,m+ n+ mn] into rs/2 2k-subsets, say A1, . . . , Ars/2, such that Ai
is a constant for each i ∈ [1, rs/2]. From Theorem 2.3, we conclude the proof. 
Example. Let K12,12 = (x0, x1, . . . , x11; y0, y1, . . . , y11), i.e. p = 3, q = 4, r = 4, s = 3, k = pq = 12,m = rp = 12, n =
sq = 12. The six 24-cycles of C24|K12,12 are as follows:
B1 = C(0, 0) = (x0, y0, x3, y1, x6, y2, x9, y3, x1, y4, x4, y5, x7, y6, x10, y7, x2, y8, x5, y9, x8, y10, x11, y11),
B2 = C(1, 0) = (x0, y4, x3, y5, x6, y6, x9, y7, x1, y8, x4, y9, x7, y10, x10, y11, x2, y0, x5, y1, x8, y2, x11, y3),
B3 = C(2, 0) = (x0, y8, x3, y9, x6, y10, x9, y11, x1, y0, x4, y1, x7, y2, x10, y3, x2, y4, x5, y5, x8, y6, x11, y7),
B4 = C(0, 1) = (x6, y0, x9, y1, x0, y2, x3, y3, x7, y4, x10, y5, x1, y6, x4, y7, x8, y8, x11, y9, x2, y10, x5, y11),
B5 = C(1, 1) = (x6, y4, x9, y5, x0, y6, x3, y7, x7, y8, x10, y9, x1, y10, x4, y11, x8, y0, x11, y1, x2, y2, x5, y3),
B6 = C(2, 1) = (x6, y8, x9, y9, x0, y10, x3, y11, x7, y0, x10, y1, x1, y2, x4, y3, x8, y4, x11, y5, x2, y6, x5, y7).
The vertex labeling f : V1 V2 → [1, 24] of K12,12 is as follows:
f (x6i+j) = 3i+ j+ 1, f (x3(2i+1)+j) = 24− 3i− j, i ∈ [0, 1], j ∈ [0, 2],
f (y2i+1) = 7+ i, f (y2i) = 18− i, i ∈ [0, 5].
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We can also give the vertex labeling f using the following table.
x x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11
f (x) 1 2 3 24 23 22 4 5 6 21 20 19
y y0 y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11
f (y) 18 7 17 8 16 9 15 10 14 11 13 12
We have
f (V ) = f

V1

V2

=
6
i=1
f (V (Bi)) = [1, 24]
and 
f (V (Bi)) = 300, i ∈ [1, 6].
The edge labeling f : E → [25, 168] of K12,12 is as follows: f (e) = fi(e) if e ∈ E(Bi), where
Ai = [25+ 12(i− 1), 24+ 12i]

[169− 12i, 168− 12(i− 1)]
and fi is some bijection from E(Bi) onto Ai, i ∈ [1, 6].
We have
f (E) =
6
i=1
Ai = [25, 168]
and 
f (E(Bi)) =

Ai = 2316, i ∈ [1, 6].
Therefore, the f : V  E → [1, 168] is a C24-supermagic labeling of K12,12.
3. The H-supermagic decomposition of rG
The vertex disjoint union of r copies of a graph G is denoted by rG. We now establish the following results.
Theorem 3.1. Suppose that G and H are a (p, p)-graph and a (q, q)-graph, respectively. If there exists an H-supermagic
decomposition of G, then there exists an H-supermagic decomposition of nG.
Proof. It is easy to see thatB = {G1,G2, . . . ,Gn} is a G-decomposition of graph nG, where each Gi is a G-component of nG.
By the hypothesis of the theorem, we have H|nG, say C. Let h and A be the H-supermagic labeling and the H-supermagic
decomposition of G, respectively. In the following we construct a labeling g of nG as follows:
g(v) = h(v)+ (i− 1)p, g(e) = h(e)+ (2n− i− 1)p if v ∈ V (Gi), e ∈ E(Gi) and i ∈ [1, n].
Then
g(V (nG)) = [1, np]
and
g

V (nG)

E(nG)

= [1, np]

[np+ 1, 2np] = [1, 2np].
Hence g is a bijection from V (nG)

E(nG) onto [1, 2np]. For each C ∈ C and C ⊆ Gi, there is
g(C) =

g

V (C)

E(C)

=

h

V (C)

E(C)

+ (i− 1)pq+ (2n− i− 1)pq
=

h(C)+ 2(n− 1)pq.
Since

h(C) is a constant for each C ∈ A, g(C) is also a constant for each C ∈ C. This concludes the proof. 
Theorem 3.2. If k(≥2) and tn(≥k) are two even integers, then for any positive integers ti ≡ 0 (mod k), i ∈ [1, n − 1], there
exists a C2k-supermagic decomposition of rKt1,...,tn−1,tn .
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Proof. It is easy to see that C2k|rKt1,...,tn−1,tn by Lemma 2.1 and Theorem 3.1. Let the order and size of Kt1,...,tn−1,tn be p′ and
q′, respectively. Then p′ = p + k + 2s. In the following, p, g, s, k and C2k|Kt1,...,tn−1,tn are the same as those in the proof of
Theorem 2.6. We construct a bijection h from the vertex set V ∗ of rKt1,...,tn−1,tn into the set [1, |V ∗|] by
h(vj,2i−1) = g(v2i−1)+ (j− 1)p′, h(vj,2i) = g(v2i)+ (r − j)p′, i ∈ [1, p/2],
h(uj,2i−1) = g(u2i−1)+ (j− 1)p′, h(uj,2i) = g(u2i)+ (r − j)p′, i ∈ [1, s+ k/2],
where uj,i and vj,i are the vertices of the jth component of rKt1,...,tn−1,tn , j ∈ [1, r].
Then for any C2k in C2k|rKt1,...,tn−1,tn ,
h(V (C2k)) =

g(V (C2k))+ (j− 1)p′k+ (r − j)p′k
= k(p′ + 1)+ (r − 1)p′k = k(rp′ + 1)
is a constant. This implies that h : V ∗ → [1, |V ∗|] is a C2k-vertex magic labeling of rKt1,...,tn−1,tn .
Again, since the size of rKt1,...,tn−1,tn is rq
′, we conclude the proof by Lemma 2.2 and Theorem 2.3. 
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